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CANCELLATIONS IN THE DEGREE OF THE COLORED JONES
POLYNOMIAL
CHRISTINE RUEY SHAN LEE AND ROLAND VAN DER VEEN
Abstract. We give an alternate expansion of the colored Jones polynomial of pretzel links which
recovers the degree formula in [GLvdVcs]. As an application, we determine the degrees of the
colored Jones polynomials of a new family of 3-tangle pretzel knots.
1. introduction
The discovery of the Jones polynomial and related quantum knot and 3-manifold invariants
has revolutionized knot theory. The colored Jones polynomial, an important example that is an
invariant for a link in S3 from the representation theory of the quantum group Uq(sl2), has been
studied a great deal.
For alternating and more generally adequate knots, it has been shown that the coefficients of their
colored Jones polynomial stabilize [DL07, Arm13, GL15] and give information on the hyperbolic
volume and geometry of the knot complement [DL07, FKP13], and that their degrees relate to the
boundary slopes of essential surfaces [Gar11, KT15].
For non-adequate knots, it is natural to ask the extent to which similar results hold. Results
extending relationships observed for adequate knots exist [GvdV16, LvdV16, MT17, BMT18, Lee,
LYL19, How]. However, it is difficult to study the colored Jones polynomial in complete generality,
since the state sum which may be used to define the polynomial often has cancellations that
are difficult to control. The purpose of this paper is to give an expansion of the colored Jones
polynomial whose cancellation is more explicitly managed. The main ingredient is Khovanov’s
coefficient formulas for the expansion of the Jones-Wenzl projector in the canonical basis of the
Temperley-Lieb algebra [Kho97].
We will consider links in S3 with diagrams from the projection to S2. Let P (w0, w1, . . . , wm)
denote the pretzel link with standard diagram L consisting of m+ 1 vertical twist regions, each of
|wi| crossings joined side by side, with the twist region of wm joined to that of w0 as shown on the
left in Figure 1. If wi > 0 then the twist region is made up of positive crossings, and if wi < 0, the
twist region is made up of negative crossings.
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1
ar
X
iv
:2
00
6.
01
30
3v
1 
 [m
ath
.G
T]
  1
 Ju
n 2
02
0
2 C. LEE AND R. VAN DER VEEN
...
...
...
...
...
...
...
...
...
...
...
...
... ...
...
...
...
...
...
...
w0 > 0 w1 < 0 wm > 0
n
n
n
n
n
n
k0 k0
k1 k1 km km
Figure 1. Left: A diagram L for the pretzel link P (w0, w1, . . . , wm) with positive
and negative twist regions. Middle: The n-cabled skein element Ln decorated by
Jones-Wenzl projectors. Right: The skein element T resulting from applying the
fusion and untwisting formulas to Ln. The center Jones-Wenzl projector to each
twist region is shown as a black box.
Consider the diagram L as an element in the skein module K(R2) of the plane R2. See Definition
2.1. For a fixed positive integer n ≥ 1, cable a Jones-Wenzl projector as defined in Definition 2.2
and shown as a box
n
on n strands in each component of L using the blackboard framing.
Denote the resulting skein element by Ln. Using the idempotent property of the projector, double
the projectors so that each twist region is framed by four projectors, then apply the fusion and
untwisting formulas (6) to each of the twist regions of P (w0, w1, . . . , wm). Let k = (k0, k1, . . . , km)
be the set of fusion parameters. We get a skein element Tk ∈ K(R2) that is the union of skein
elements Ti in the Temperley-Lieb algebra TLn for 0 ≤ i ≤ m decorated by Jones-Wenzl projectors
joined side by side. For each Ti there is a center Jones-Wenzl projector from fusing and untwisting
the twist region, and four framing projectors shared by adjacent skein elements Ti−1, Ti+1. See
Figure 1 for an illustration.
The Jones-Wenzl projector in TLn has an expansion
n
=
∑
d∈BTLn
P(d)d
in the canonical basis BTLn , where P(d) is the coefficient multiplying the skein element d of the
basis in the expansion, see Definition 2.3. Let σ denote the choice of the skein element σ =
(d1, . . . , dm, σ
1
t , σ
1
b , . . . , σ
m−1
t , σ
m−1
b ) in the expansion of the Jones-Wenzl projectors decorating Tk.
More precisely, for 1 ≤ i ≤ m, di ∈ BTLn is the choice of a skein element in the expansion of the
center projector for Ti. For 1 ≤ i ≤ m− 1, σit ∈ BTLn or σib ∈ BTLni is the choice, in order, of a skein
element of the top or bottom projector shared by Ti, Ti+1, where after choosing σ
i
t, we remove any
circles attached to a projector via (7), then choose σib for the bottom projector in TLni . If the
number of circles removed is ci, then ni = n− ci. For n ≥ 1, we may write the n+ 1 colored Jones
polynomial of the pretzel link as follows. See Definition 2.5.
JP,n+1 = ((−1)nq 12 )w(L)(n2+2n)〈Ln〉, where
〈Ln〉 =
∑
0≤ki≤n, σ
(
m∏
i=0
[2ki + 1]
θ(n, n, 2ki)
U(wi, ki)
)(
m∏
i=1
P(di)
)(
m−1∏
i=1
P(σit)P(σ
i
b)R(ci)
)
︸ ︷︷ ︸
Gk,σ
〈Tnk,σ〉.(1)
Here Tnk,σ is the skein element that comes from applying σ to Tk, 〈·〉 is the Kauffman bracket as
in Definition 2.4, w(L) is the writhe of the diagram L, [2ki+1]θ(n,n,2ki)U(wi, ki) is a product of rational
CANCELLATIONS IN THE DEGREE OF THE COLORED JONES POLYNOMIAL 3
functions in q from the fusion and untwisting formulas, and R(ci) is the rational function resulting
from removing ci circles from a Jones-Wenzl projector in TLni using (7).
Denote the rational function in q in (1) multiplying 〈Tnk,σ〉 by Gk,σ. Our main result is the explicit
formula of Gk,σ in terms of quantum factorials for the leading terms of the state sum defining the
colored Jones polynomial of a pretzel link.
Theorem 1.1. Let k = (k0, k1, . . . , km) ∈ Zm+1≥0 with ki ≤ n and σ = (d1, . . . , dm, σ1t , . . . , σm−1b )
as described above. The n + 1 colored Jones polynomial of the pretzel link P = P (w0, w1, . . . , wm)
with standard diagram L has the form
JP,n+1 = ((−1)nq 12 )w(L)(n2+2n)
∑
0≤ki≤n,σ
Gk,σ〈Tnk,σ〉 = ((−1)nq
1
2 )w(L)(n
2+2n)
∑
k0=
∑m
i=1 ki
Gk,
where
Gk =
(
m∏
i=0
[2ki + 1]
θ(n, n, 2ki)
U(wi, ki)
)m−1∏
i=1
(
[n−∑ij=1 kj ]![n− ki+1]!
[n−∑i+1j=1 kj ]![n]!
)2 〈Tk0〉+ l.o.t.
Here l.o.t. denotes lower order terms, and 〈Tk0〉 is the Kauffman bracket of the following skein
element:
k0k0
k0k0
k0
k0
n− k0
n− k0
Figure 2. The skein element Tk0
See Equation (4) for the definition of the quantum factorial. As a direct corollary, we recover
the degree formula1 from [GLvdVcs].
Theorem 1.2. ([GLvdVcs, Theorem 3.2]) Let k = (k0, k1, . . . , km) ∈ Zm+1≥0 with ki ≤ n and assume
|wi| > 1. The n+ 1 colored Jones polynomial of a pretzel link P = P (w0, w1, . . . , wm) with diagram
L has the form
JP,n+1 = ((−1)nq 12 )w(L)(n2+2n)
∑
k0=
∑m
i=1 ki
Gk,
where deg Gk = (−1)w0(n−k0)+n+k0+
∑m
i=1(n−ki)(wi−1)qδ(n,k) + l.o.t.2, and δ(n, k) =
−
(
(w0 + 1)k
2
0 +
m∑
i=1
(wi − 1)k2i +
m∑
i=1
(−2 + w0 + wi)ki − n(n+ 2)
2
m∑
i=0
wi + (m− 1)n
)
.
The advantage of our approach is that each term of the state sum is explicit as described by (1)
even if they are lower order. For 3-tangle pretzel knots P = P (w0, w1, w2) we show the following.
1There is a slight difference in notation from the cited theorem where Gc,k there is our Gk.
2denotes lower order terms.
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Theorem 1.3. Let w = (w0, w1, w2) ∈ Z3 be such that w0 < −1 < 0 < 1 < w1, w2. Define
s(w) = 1 + w0 +
1∑2
i=1(wi − 1)−1
and s1(w) =
∑2
i=1(wi + w0 − 2)(wi − 1)−1∑2
i=1(wi − 1)−1
.
Suppose w1 is even and −w0 > min{w1 − 1, w2 − 1}. Let P denote the pretzel knot P (w0, w1, w2),
and let jP (n) be the largest power of q in JP,n. If s(w) < 0, we may write
jP (n) = jsPn
2 + jxP (n)n+ cP (n),
where jxP , cP are periodic functions in n. In particular we have:
(a) For n = −2+w1+w2gcd(w1−1,w2−1)j, j ≥ 1:
(2) jsP = −s(w) + w0 + w2, jxP (n) = −s1(w) + 2s(w)− (m− 1)− 2
min {w1 − 1, w2 − 1}
−2 + w1 + w2 .
(b) For n 6= −2+w1+w2gcd(w1−1,w2−1)j:
(3) jsP = −s(w) + w0 + w2, jxP (n) = −s1(w) + 2s(w)− (m− 1).
Example 1.1. The pretzel knot P (−5, 4, 3). Note s(w) = −145 < 0 and s1(w) = −185 . Since
min{w1 − 1, w2 − 1}
gcd(w1 − 1, w2 − 1) =
min{4− 1, 3− 1}
gcd(4− 1, 3− 1) = 2,
we have by Theorem 1.3, for n = 0 (mod 5), jsP =
4
5 , and jxP (n) = −3 − 45 . Otherwise for
n 6= 0 (mod 5), jsP = 45 , and jxP (n) = −3.
The explicitly calculated cancellation of the terms in the expansion (1) of the n colored Jones
polynomial is the decrease by 2min {w1−1,w2−1}−2+w1+w2 in jxP (n) in (2) for certain congruence of n. This is of
interest as there is yet to be an explanation for the deviation of jxP (n) from the Euler characteristic
of an essential surface in the complement of P from the viewpoint of the strong slope conjecture, see
[Gar11, KT15]. We expect that the expansion would also apply to find explicit stable coefficients
studied in [Arm13, GL15], and we will address this question in the future.
This paper is organized as follows: In Section 2 we summarize the background necessary to
understand (1) by expanding the Jones-Wenzl projectors in the canonical basis. In Section 3, we
prove lemmas useful for comparing degrees of Gk,σ. Then we prove Theorem 1.1 in Section 4, show
how Theorem 1.2 follows, and conclude with the proof of Theorem 1.3 in Section 4.1.
2. Preliminaries
We follow [Kho97]. We define for non-negative integers n, k, and indeterminate q,
(4) [n] =
qn − q−n
q − q−1 , [n]! = [n][n− 1] · · · [1],
with the convention that [0]! = 1, and the binomial coefficient from the quantum factorial
(5)
[
n
k
]
=
[n]!
[k]![n− k]! .
Definition 2.1. Let C(q) be the field of rational functions in q with complex coefficients. Given
a connected, orientable surface F , the skein module K(F ) is the vector space over C(q) generated
by the set of isotopy classes of framed unoriented and properly embedded link/tangle diagrams T
modulo the Kauffman skein relations3 [Kau87]:
(1) unionsq T = (−q − q−1)T
(2) = q−1/2 + q1/2
3Our convention differs from [Kho97] in that q there is our q−1.
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Let D2 be a disk in the plane whose boundary is viewed as a rectangle, with n marked points
above and below. The Temperley-Lieb algebra TLn is the skein module K(D
2) of tangle/link
diagrams in this disk, where we restrict to tangle diagrams whose endpoints are a subset of the
2n marked points on the boundary of the disk. There is a natural multiplication of two elements
T1, T2 7→ T1 ◦ T2 in TLn by stacking the square containing T1 above the square containing T2 and
identifying the n-boundary points. See Figure 3 below.
T1
T2
T1 ◦ T2 =
Figure 3. T1 ◦ T2 in TLn.
In this paper the rectangles D2 with 2n marked boundary points defining TLn will sometimes
be depicted with a rotation from the horizontal position of Figure 3. One can infer the direction
of the multiplication based on the context of the figures. An algebra generator Ui of TLn is shown
below.
i i+ 1
Ui
Figure 4. An algebra generator Ui of TLn
The canonical dual basis BTLn of TLn is the set of all crossingless matchings of the 2n boundary
points of D2.
Definition 2.2. The Jones-Wenzl projector
n
is an element in TLn that is uniquely characterized
by the following properties:
•
n
◦
n
=
n
, n ≥ 1.
•
n
◦ Ui = 0 = Ui ◦
n
, 1 ≤ i ≤ n− 1.
Definition 2.3. Let d be an element in the canonical dual basis BTLn of TLn. We define P (d) to
be the coefficient in the expansion of the Jones-Wenzl projector JWn in TLn.
[n]!
n
=
∑
d∈BTLn
P (d)d.
P (d) is a rational function in q with complex coefficients. We will denote by P(d) the coefficient
divided by [n]!:
P(d) =
P (d)
[n]!
.
Henceforth, whenever we say “expansion of the Jones-Wenzl projector,” we shall mean the ex-
pansion of the Jones-Wenzl projector in terms of the canonical basis as in Definition 2.3.
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Definition 2.4. Consider the skein module K(R2) of the plane R. The Kauffman bracket of a
skein element S in K(R2), denoted by 〈S〉, is the rational function in q multiplying the empty
diagram after resolving S via the Kauffman skein relations.
Definition 2.5. Given a link diagram L and an integer n ≥ 2, cable a Jones-Wenzl projector in
each component and denote the resulting diagram by Ln. Then the n+ 1 colored Jones polynomial
JL,n+1 may be defined as
JL,n+1 = ((−1)nq1/2)ω(L)(n2+2n)〈Ln〉.
This material is well known and interested readers may consult [Oht01], [Lic97] for additional
background.
Normalization. With our conventions, we have that the n (unreduced) colored Jones polynomial
of the unknot is
J#,n = (−1)n−1[n].
We will be using the following lemmas from [Kho97]. All symbols x, y, z, t, a, b, c, k, n will denote
non-negative integers. A non-negative integer next to a strand indicates that number of parallel
strands.
Lemma 2.6. [Kho97, Proposition 4.8] Let d1 and d2 be two diagrams in TLn that differ as shown
below
x y
x+ y
d1 d2
Figure 5.
They are the same outside the part that is shown. Then
P (d1) =
[
x+ y
x
]
P (d2).
Lemma 2.7. [Kho97, Proposition 4.9] Let d1, d2 be two diagrams from TLn that differ as depicted
below.
d1
x
y
d2
x
y
Figure 6.
They are the same outside the part that is shown. Then
P (d1) =
[
x+ y
x
]
P (d2).
Lemma 2.8. [Kho97, Proposition 4.10] Let d be a diagram as shown, where x, y, z, t are non-
negative integers satisfying x+ y + z + t ≥ 1.
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x z
y
y
t
Then
P (d) =
[
x+ y
y
] [
t+ y
y
]
[y]![x+ z + t+ y]!.
We will also take as given the following fusion and untwisting formulas, and the formula for
removing circles from a projector [MV94].
(6)
= (−1)a+b−c2 q a+b−c2 +a
2+b2−c2
4
c
a b
a b a b
a b
c c
c c
=
∑
c:(a,b,c)
admissible
(−1)c [c+1]θ(a,b,c)
a b
c
Figure 7. Fusion and untwisting formulas
(7)
n− c c
= (−1)c [n+2][n+2−c]
n− c
Figure 8. The formula for removing circles from a Jones-Wenzl projector
Define
U(w, k) = ((−1)n−kqn−k+n
2
2
−k2)w.
We have from (6),
n n
n n
k k
k k
=
∑
k≤n:(n,n,k)
admissible
(−1)k [k+1]θ(n,n,k)U(w, k)
|w| crossings
.
..
n n
nn
Also define
R(c) := (−1)c [n+ 2]
[n+ 2− c] .
This is the coefficient multiplying n− c strands after removing c circles using (7).
8 C. LEE AND R. VAN DER VEEN
A triple of even integers (a, b, c) is called admissible if a ≤ b + c, b ≤ a + c and c ≤ a + b. For
an admissible triple of integers (a, b, c), the function θ(a, b, c) is 〈Θ(a, b, c)〉 of the skein element
Θ(a, b, c) as shown below in Figure 9:
θ(a, b, c) =
[x+ y + z + 1]![x]![y]![z]!
[y + z]![z + x]![x+ y]!
,
where x = a+b−c2 , y =
b+c−a
2 , and z =
a+c−b
2 .
a
c
b
z
y x
xy
z
Figure 9. The skein element Θ(a, b, c)
For a rational function L(q) in q complex coefficients, the degree, deg(L) is the maximum power
in q of the Laurent series expansion of L(q) with finitely many terms of non-negative powers. Note
deg[c] = c− 1, and deg θ(a, b, c) = a+ b+ c
2
.
3. Choosing skein elements in the expansion of a Jones-Wenzl projector
We collect useful lemmas classifying the possible choices of skein elements in the expansion of
Jones-Wenzl projectors decorating certain skein elements. We will use these to justify our state
sum of the colored Jones polynomial of pretzel links in Theorem 1.1. As assumed throughout the
paper, the symbols labeling strands of tangle diagrams are non-negative integers, and they denote
the number of parallel strands. We will use dashed bounding boxes to indicate the Jones-Wenzl
projector we expand in each lemma.
Lemma 3.1. Suppose that we have a skein element as in Figure 10.
n n
n n
k k
n− k
n− k
k k
Figure 10. The center Jones-Wenzl projector is shown with a dashed border.
Then a skein element d in the expansion of the center Jones-Wenzl projector (shown with a
dashed bounding box) that does not result in a cap or a cup composed with one of the four framing
Jones-Wenzl projectors is of the following form with k˜ ≤ k :
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k − k˜
k − k˜
k˜ k˜
Figure 11. Possibilities for the skein element d in the expansion of the center
Jones-Wenzl projector that does not result in a zero skein element.
The choice of the skein element d has coefficient
P (d) =
[
k
k − k˜
]2
[k − k˜]![k + k˜]!
in the expansion of the Jones-Wenzl projector.
Proof. Due to the four projectors framing the center projector, none of the four endpoints on the
dashed bounding box, each with k strands coming out, can be connected to itself through a strand
from a choice of skein element in the expansion. Otherwise, the resulting skein element would have
a cap or a cup composed with one of the framing projectors. Nor can any of the four endpoints be
connected to another across the diagonal, because it would result in a cap or a cup composed with
the pair of projectors of the opposite diagonal. 
Definition 3.2. Given a crossingless diagram in TLn without Jones-Wenzl projectors, a through
strand is a strand of the diagram with one end in one of the top n points of the boundary of the
disk D2 defining TLn, and the other end in one of the bottom n points.
Let T ∈ TLn be a skein element decorated by Jones-Wenzl projectors. We will denote by T the
skein element obtained from T by replacing all its Jones-Wenzl projectors by the identity.
Lemma 3.3. Suppose we have a skein element T of the following form as in Figure 12.
n− k1 n− k2
k1 k2
Figure 12. The center Jones-Wenzl projector is indicated with a dashed rectan-
gular box.
Denote by Tσ the skein element obtained from T by replacing the center Jones-Wenzl projector
(shown with a dashed bounding box) by a choice of a skein element σ in its expansion. The choices
of skein elements σ = σ1t , σ
2
t , or σ
3
t which do not result in a cap or a cup composed with one of the
four framing projectors have the following form.
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t t
˜`
1
˜`
1
˜`
2 − ˜`1
˜`
2
˜`
2
˜`
1 − ˜`2
σ1t :
˜`
2 > ˜`1 σ
2
t :
˜`
2 < ˜`1
t
˜`
1
˜`
1
σ3t :
˜`
2 = ˜`1
b b b
Figure 13. Three choices of skein elements
The coefficients of the choices of skein elements σ1t , σ
2
t , and σ
3
t are respectively
P (σ1t ) =
[
b+ ˜`1
˜`
1
] [
t+ ˜`1
˜`
1
]
[˜`1]![b+ ˜`2 + t]!
P (σ2t ) =
[
b+ ˜`2
˜`
2
] [
t+ ˜`2
˜`
2
]
[˜`2]![b+ ˜`1 + t]!
P (σ3t ) =
[
b+ ˜`1
˜`
1
] [
t+ ˜`1
˜`
1
]
[˜`1]![b+ ˜`1 + t]!
Moreover, if k1 +k2 ≤ n, then the maximum possible number of through strands of Tσ is k1 +k2,
and there are three possible choices of skein elements in the expansions of the center Jones-Wenzl
projector which achieve this: σ = σ1t , σ
2
t , or σ
3
t according to whether k1 < k2, k1 > k2, or k1 = k2.
n− (k1 + k2) n− (k1 + k2)
k1
k1
k2 − k1
k2
k2
k1 − k2
σ1t : k2 > k1 σ
2
t : k2 < k1
n− 2k1
k1 k1
σ3t : k2 = k1
Figure 14. Choices of skein elements maximizing through strands when k1 + k2 ≤ n
The coefficients of the choices of skein elements are: P (σ1t ) = P (σ
2
t ) =
[n−k1]![n−k2]!
[n−(k1+k2)]! , and P (σ
3
t ) =
([n−k1]!)2
[n−2k1]! .
Proof. The first statement follows directly from examining the possibilities of connecting the end-
points on the dashed box of the center Jones-Wenzl projector. We enumerate the choices of a skein
element in its expansion that would not result in a cap or a cup composed with a projector. The
proof of the second statement in the case k1 + k2 ≤ n is similar. The formulas for the coefficients
are obtained by definition.

Lemma 3.4. Suppose we have a skein element in TLn of the following form as shown in Figure
15, where a skein element σt is previously chosen in the expansion of the Jones-Wenzl projector in
the top dashed box. Further suppose that σt is one of the choices σ
1
t , σ
2
t , and σ
3
t in Lemma 3.3.
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n− k1
n− k1
n− k2
n− k2
k1 k1 k2 k2
σt
n n
nn
Figure 15. The middle pair of projectors are shown with dashed boxes.
Choosing σt results in a skein element which may have c > 0 circles attached to the bottom
projector. After removing c circles from the bottom projector via (7), there are three choices,
σ = σ1b , σ
2
b , and σ
3
b , up to mirror images via a reflection across the vertical axis, of a skein element
in the expansion for the bottom Jones-Wenzl projector in TLn−c (from the empty dashed box in
Figure 15) that does not result in a cap or a cup composed with the four framing Jones-Wenzl
projectors.
b
`
s
r1
r2
σ1b
s
`
r1
b
σ2b
b
` `
σ3b
t
r2
Figure 16. All the possibilities for a skein element in the expansion of the bottom
projector after choosing a skein element in the expansion for the top projector. Note
we must have r1 + r2 = ` for both σ
1
b and σ
2
b .
The coefficient of each choice of skein element σib for 1 ≤ i ≤ 3 and their mirror images σ˘ib are:
P (σ1b ) = P (σ˘
1
b ) =
[
r1 + r2
r1
] [
b+ `
`
]
[`]![b+ s+ `]!,
P (σ2b ) = P (σ˘
2
b ) =
[
s+ r1
r1
]−1 [
r1 + r2
r1
] [
b+ `
`
] [
s+ `
`
]
[`]![b+ s+ `]!, and
P (σ3b ) = P (σ˘
3
b ) =
[
t+ `
`
] [
b+ `
`
]
[`]![b+ t+ `]!.
Proof. Given a choice of skein element σt = σ
1
t or σ
2
t from Figure 13 for the top center Jones-Wenzl
projector, we have the following picture, shown in the middle of Figure 17, of the strands coming
out of the remaining bottom projector, up to reflection across the vertical axis.
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n− k1
n− k1
n− k2
n− k2
k1 k1 k2 k2
n n
nn
Choosing σt
 
n− k1 n− k2
k1 k2
n n
nn n− k1 n− k2
k1 k2
n n
nn
Remove circles
 
Figure 17. We remove the circles shown in blue via Equation (7).
After removing c circles connected to the bottom projector as the result of choosing σt, we have
the picture on the right of Figure 17. In order for a choice of a skein element in the expansion of
the bottom projector not to result in a cup or a cap composed with one of the four projectors, we
need to connect the strands coming out of an endpoint on the box to another. Examination will
show that the only possible cases are σ1b or σ
2
b as shown in Figure 16, up to mirror images via a
reflection across the vertical axis. For the choice of σt = σ
3
t from Figure 13, it is easy to see that
the choice of a skein element σ for the bottom projector has to be σ3b as shown in Figure 16 using
similar arguments. The coefficients are computed for σ1b , σ
2
b by applying Lemmas 2.6 and 2.7 . 
4. The degree of the colored Jones polynomial of pretzel knots
Consider the skein element T comprised of two skein elements T1, T2 decorated with Jones-Wenzl
projectors joined side by side as in the first picture of Figure 18.
k˜1 k˜2 ˜`2
 
Picking a skein element
for the top
projector
σt n− `1 − `2
n− `1 − `2
 
`1 + `2 `1 + `2k˜1
 
k1
 ˜`
1
σt
σb
Picking skein elements
for the center
projectors
k2
T
Tk,σRemove circles
from choosing σt
and pick σb
k˜2
n
n
n n
n
n
n
n
n− k1 n− k2
k1 k1 k2 k2
n− k1 n− k2
d1 d2
n n
n
n
n− k1 n− k2
k1 k1 k2 k2
n− k1 n− k2
n n
n
n
n
n
n
n
Figure 18. The sequence of choices of expansions for an adjacent set of skein elements
We define a sequence σ = (d1, d2, σ
t, σb) of choices of skein elements for certain Jones-Wenzl
projectors decorating T . First choose skein elements d1, d2 in the expansion of the center Jones-
Wenzl projectors (marked with dashed boxes) as in Lemma 3.1. Then, using Lemma 3.3, pick
the skein element σt in the expansion of the top projector shown with a dashed box. After σt
is chosen, remove any circles attached to the bottom projector via (7), then use Lemma 3.4 to
pick the skein element σb in the expansion of the bottom projector shown with a dashed box. Let
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k = (k1, k2) ∈ Z2≥0. Define Fk,σ(q) to be the product of rational functions in q resulting from this
sequence of moves, replacing projectors by skein elements in the expansion, and removing circles
by Equation (7).
(8) Fk,σ(q) := P(σt)P(σb)R(c)
∏
i=1,2
P(di),
where c is the number of removed circles, and recall R(c) = (−1)c [n+2][n+2−c] . Define Tk,σ to be the
skein element resulting from this sequence of moves applied to T .
T =
∑
k,σ: 0≤ki≤n,
n, n, ki admissible
Fk,σ(q)Tk,σ.
Before proving Theorem 1.1, we use Lemmas 3.1, 3.3, and 3.4 to establish a lemma comparing
the degrees of Fk,σ(q) coming from different choices of skein elements σ = (d1, d2, σt, σb) in the
expansions of the Jones-Wenzl projectors. Recall Tk,σ is the skein element obtained by replacing
all the Jones-Wenzl projectors of Tk,σ by the identity skein element id.
Lemma 4.1. Suppose the parameters k1 ≥ 0, k2 ≥ 0 satisfy k1 + k2 ≥ n, and a choice of skein
elements σ = (d1, d2, σt, σb) is such that Tk,σ has 2(`1 + `2) through strands. Then there exists
a set of parameters ` = (`1, `2) and a choice of skein elements σ = (d1 = id, d2 = id, σt, σb) in
the expansions of the corresponding Jones-Wenzl projectors, such that T`,σ has the same number of
through strands as Tk,σ, `i ≤ ki for i = 1, 2, and `i ≤ `j if ki ≤ kj. Moreover, letting l1 = k1−`1 and
l2 = k2 − `2 and ˜`1, ˜`2 be the intermediate through strands coming from choosing σt and removing
circles attached to the bottom projector, see Figure 18, we have
(9) degFk,σ(q)− degF`,σ(q) ≤
2∑
i=1
li(2`i + li).
n− `1
n− `1
n− `2
n− `2
`1 `2
σt
`1
n
n
n
n
σb
`2
Figure 19. A picture of the skein element T`,σ. The middle pair of projectors are
shown with dashed boxes.
Proof. First note that the number of through strands 2(`1 + `2) of Tk,σ satisfies 2(`1 + `2) ≤ 2n.
Let ` = (`1, `2), with `i ≤ ki and such that `1 + `2 ≤ n. By Lemmas 3.3 and 3.4, we can always
find a sequence of choices of skein elements σ = (d1, d2, σt, σb) with the number of through strands
of T`,σ equal to that of Tk,σ by letting d1, d2 be the identity and σt = σ
1
t or σ
2
t be as in Lemma
3.3, depending on whether `2 > `1 or `2 < `1, and σb its mirror image via a reflection across the
horizontal axis.
Suppose for σ = (d1, d2, σt, σb), the skein element di for the middle projector for each twist region
wi is not the identity, then choosing it results in k˜1, k˜2 parameters as in the first figure of the second
row of Figure 18. Note k˜1 + k˜2 ≥ `1 + `2 and deg(P (d1)P (d2)) ≤ deg(P (d1)P (d2)).
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n− k1
n− k1
n− k2
n− k2
k1 k1 k2 k2
σt
n− k1 n− k2
k1 ˜`1 ˜`2 k2  
σb
n− `1 − `2
n− `1 − `2
`1 + `2 `1 + `2
Top half of the skein element Tk,d1,d2,σt
Figure 20. The step generating intermediate through strands ˜`1, ˜`2 after first
choosing a skein element σt on top
In the next step, a skein element σt is chosen for the top projector, which will result in interme-
diate ˜`1 + ˜`2 + k1 + k2 through strands for the top half of the skein element Tk,d1,d2,σt , see Figure
20. Note ˜`1 + ˜`2 + k1 + k2 ≥ 2(`1 + `2). If ˜`1 + ˜`2 + k1 + k2 = 2(`1 + `2), then the choice of the
skein element σb of the bottom projector is necessarily the mirror image of that of σt via a reflec-
tion across the horizontal axis, with top horizontal strands removed. Call this choice of expansion
σˆ = (dˆ1 = id, dˆ2 = id, σˆt, σˆb). Denote the intermediate through strands of σˆ as ˆ`1, ˆ`2. See Figure
21 for an example of σˆt.
We first compare σ to σˆ. Suppose the choice of skein elements (d1, d2, σt) results in intermediate
through strands ˜`1 + ˜`2 > ˆ`1 + ˆ`2 for the top half of the skein element Tk,d1,d2,σt (the result of
choosing d1, d2, σt for the Jones-Wenzl projectors of T then replacing all the remaining projectors
by the identity). Without loss of generality assume ˜`2 ≥ ˜`1. Comparing the skein elements σt and
σˆt, this means ˜`1 + ˜`2 > ˆ`1 + ˆ`2 and t˜+ b˜ < tˆ+ bˆ. We must have ˆ`2 − ˆ`1 = ˜`2 − ˜`1 and ˆ`1 = ˜`1 − l
for l > 0. This is because with fixed parameters k1, k2 and using Lemma 3.3, the choice of skein
element for σt corresponding to a given number of through strands is determined by the number
of turnbacks (which is ˜`1 if ˜`2 > ˜`1 and ˜`2 otherwise). Then, since ˜`1 + ˜`2 > ˆ`1 + ˆ`2, the choice of
the skein element σb must decrease the number of resulting through strands to ˆ`1 + ˆ`2 so that Tk,σ
would still have 2(`1 + `2) through strands. The possibilities from Lemmas 3.3 and 3.4 are shown
in Figure 21.
t˜
˜`
2 − ˜`1
˜`
1
b˜
tˆ
ˆ`
2 − ˆ`1
ˆ`
1
bˆ
σt σˆt
b
r1
s
e
r1
b
r2
e
b
t
e
e
s
r2
σ1b σ
2
b σ
3
b
˜`
1
ˆ`
1
Figure 21. Left: Comparing σt and σˆt. Right: Possibilities for σb corresponding
to σt. We changed ` to e from Lemma 3.4.
We show degFk,σ ≤ degFk,σˆ for all the cases of σt shown in Figure 21 and note that the arguments
are the same for their mirror images via a reflection across the vertical axis. We compute the
difference between degFk,σ, degFk,σˆ using the explicit formulas of the quantum factorials. Since
the algebraic computations based on the formulas of Lemmas 3.3 and 3.4 are straightforward,
we will omit them and show the results of the computations. To simplify notations, we also
let p(x, y, z, t) = degP (d), where d is the skein element in Lemma 2.8. Note by the preceding
discussion, we know ˜`1 = ˆ`1 + l, b˜ = bˆ− l, t˜ = tˆ− l, and n = bˆ+ ˆ`1 + ˆ`2 + tˆ.
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Case 1: ˜`2 − ˜`1 = 0. This would force σb = σ3b as in Figure 21, and ˆ`2 − ˆ`1 = 0. We have
deg(Fk,σ)− deg(Fk,σˆ) = deg(P(σt)P(σb)R(b˜)P(d1)P(d2))− deg(P(σˆt)P(σˆb)R(bˆ)P(id)P(id))
= p(b˜, ˜`1, 0, t˜)︸ ︷︷ ︸
deg(P(σt))
+ b˜︸︷︷︸
degR(b˜)
+ p(b, e, 0, 0)︸ ︷︷ ︸
deg(P(σb))
−deg[n− b˜]!− ( p(bˆ, ˆ`1, 0, tˆ)︸ ︷︷ ︸
deg(P(σˆt)P(σˆb))
+ bˆ︸︷︷︸
degR(bˆ)
− p(bˆ, ˆ`1, 0, 0)︸ ︷︷ ︸
deg(P(σˆb))
−deg[n− bˆ]!)
We can use the fact that Tk,σ and Tk,σˆ have the same number of through strands to get
b = tˆ, e = ˆ`1, and t = l1. Plugging in and simplifying, we get
deg(Fk,σ)− deg(Fk,σˆ) ≤ −l(1 + l + 2ˆ`1) ≤ 0.
since l, ˆ`1 ≥ 0 and deg(P(d1)P(d2)) ≤ deg(P(id)P(id)) .
Case 2: ˜`2 − ˜`1 6= 0. Either σb = σ2b or σ1b as in Figure 21.
2(a) σb = σ
2
b .
deg(Fk,σ)− deg(Fk,σˆ) = deg(P(σt)P(σb)R(c)P(d1)P(d2))− deg(P(σˆt)P(σˆb)R(cˆ)P(id)P(id))
= p(b˜, ˜`1, ˜`2 − ˜`1, t˜) + b˜+ deg
[
s+ r1
s
]−1
+ deg
[
r1 + r2
r1
]
+ p(b, e, 0, s)− deg[n− b˜]!
− (p(bˆ, ˆ`1, 0, tˆ) + bˆ− p(bˆ, ˆ`1, 0, 0)− deg[n− bˆ]!)
Again using the fact that Tk,σ and Tk,σˆ have the same number of through strands, we
get b = tˆ, e = ˆ`2, s = l − (ˆ`2 − ˆ`1), r1 = ˆ`2 − ˆ`1, and r2 = ˆ`1. Plug in and simplify:
deg(Fk,σ)− deg(Fk,σˆ) ≤ −l(1 + l + 2ˆ`2) ≤ 0.
2(b) σb = σ
1
b . With similar arguments, we get
deg(Fk,σ)− deg(Fk,σˆ) ≤ −l(1 + l + 2ˆ`2) ≤ 0.
Thus without loss of generality, to prove the last statement of the lemma, Equation (9), we may
assume d1 = d2 = id, and σb is the mirror image of σt via a reflection across the horizontal axis
(top horizontal strands removed), with intermediate through strands satisfying ˜`1 + ˜`2 + k1 + k2 =
2(`1 + `2). We compare σt to σt.
˜`
1
b˜
n− (`1 + `2)
`1
`1
˜`
1
˜`
2 − ˜`1 `2 − `1
n− b˜− ˜`1 − ˜`2
σt σt
Figure 22. The case `2 ≥ `1 and k2 ≥ k1 is shown.
Let k1 − `1 = l1 and k2 − `2 = l2, then ˜`1 + l1 = `1 and ˜`2 + l2 = `2. We have, plugging into the
equations for the degrees and assuming k1 ≤ k2 (the other case is similar),
deg(Fk,σ)− deg(F`,σ) ≤ k1 − ˜`1 + 2l2 ˜`1 + 2l1(l2 + ˜`2) = 2l1 + 2l2 ˜`1 + 2l1l2 + 2l1 ˜`2 ≤
2∑
i=1
li(2`i + li).
The argument for when k1 ≥ k2 is similar. 
We prove a refined version of Theorem 1.1. We will focus on the degree of the Kauffman bracket
and suppress the monomial from the writhe term in the n colored Jones polynomial.
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Theorem 4.1. Let k = (k0, k1, . . . , km) ∈ Zm+1≥0 with ki ≤ n and σ = (d1, . . . , dm, σ1t , . . . , σm−1b ) as
described in the introduction. For the pretzel link P = P (w0, w1, . . . , wm) with standard diagram L,
we have
〈Ln〉 =
∑
0≤ki≤n,σ
Gk,σ〈Tnk,σ〉 =
∑
k0=
∑m
i=1 ki
Gk,
where
Gk =
(
m∏
i=0
[2ki + 1]
θ(n, n, 2ki)
U(wi, ki)
)m−1∏
i=1
(
[n−∑ij=1 kj ]![n− ki+1]!
[n−∑i+1j=1 kj ]![n]!
)2 〈Tk0〉+ l(k)
Here l(k) denotes lower order terms, and 〈Tk0〉 is the Kauffman bracket of the following skein
element:
k0k0
k0k0
k0
k0
n− k0
n− k0
Figure 23. The skein element Tk0 .
Moreover,
(10) deg Gk − deg l(k) ≥ 2 min
0≤i≤m
{|wi| − 1} min
0≤i≤m
{ki}
Proof. Recall Tnk,σ is the skein element that comes from applying σ to Tk. This is a skein element
of the form as shown below:
k0k0
k0k0
cc
n− c
n− c
Figure 24. Tnk,σ
Note that if k0 > c then T
n
k,σ = 0 as proved in [Lee]. Thus, we can assume k0 ≤ c. Let
d(κ,w) = deg
(
[2κ+ 1]
θ(n, n, 2κ)
U(w, κ)
)
.
Note that d(κ,w) monotonically increases in κ if w < 0. Therefore we can also assume k0 = c. We
organize the state sum (1) by the number of strands c of Tnk,σ. A pair (k, σ) is tight if c = k0 =∑m
i=1 ki.
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For every pair of parameters and state (κ, τ) with 2c through strands for Tnκ,τ , there is a tight state
(k(κ, τ), σ(κ, τ)) with the same number of through strands 2c and such that ki ≤ κi and ki ≤ kj if
κi ≤ κj for all 1 ≤ i ≤ m by Lemma 4.1. Note σ(k, τ) is determined by k(κ, τ) = (k0, k1, . . . , km) as
follows: Using Lemma 3.3, choose di = id for all 1 ≤ i ≤ m and choose σ1t , σ1b to be the state that
will result in 2(k1+k2) through strands for Tk,d1,...,dm,σ1t ,σ1b
, where Tk,d1,...,dm,σ1t ,σ1b
is the skein element
that comes from applying d1, d2, σ
1
t , σ
1
b to the portion of Tk that is the union of T1, T2. Then choose
σ2t , σ
2
b to be the state that will result in 2(k1+k2+k3) through strands for Tk,d1,...,dm,σ1t ,σ1b ,σ
2
t ,σ
2
b
, and
so on for the rest of σit, σ
i
b, which are states that will result in 2(k1 + k2 + · · · ki+1) through strands
for Tk,d1,...,dm,σ1t ,σ1b ,σ
2
t ,σ
2
b ,...,σ
i
t,σ
i
b
,where Tk,d1,...,dm,σ1t ,σ1b ,...,σ
i
t,σ
i
b
is the skein element that comes from
applying d1, d2, . . . , di, σ
1
t , σ
1
b , . . . , σ
i
t, σ
i
b to the portion of Tk that is the union of T1, T2, . . . , Ti+1. It
is possible to have more than one (k(κ, τ), σ(κ, τ)) for a pair (κ, τ), since there could be more than
one k(κ, τ) that satisfies the above conditions.
To prove that every term corresponding to the pair (κ, τ) that is not tight is a lower order
term in the sum, we compare the degree of its coefficient function Gκ,τ to that of the tight state
corresponding to the pair (k(κ, τ), σ(κ, τ)). Recall the function Gκ,τ is the product of coefficients
multiplying 〈Tnκ,τ 〉 as in (1).
Write ki = ki(κ, τ) and let κi = ki + li. We get
(11) d(ki + li, wi)− d(ki, wi) = li − li(1 + 2ki + li)wi.
For an m-tangle pretzel link and the skein element T , choosing skein elements σ1t and σ
1
b between
the pair of skein elements T1 and T2 creates a new skein element, say T12. Similarly, we denote
by T123 the skein element created by choosing σ
2
t and σ
2
b between T12 and T3, and so on, un-
til T123···(m−1). Let F1 = degF(κ1,κ2),(τ1t ,τ1b ) = deg(P(τ
1
t )P(τ
1
b )R(c1)), F 1 = degF(k′1,k′2),(σ1t ,σ1b)
=
deg(P((σ1t )P(σ
1
b)), where 2(k
′
1 + k
′
2) =
˜`
1 + ˜`2 + κ1 + κ2 from applying Lemma 4.1 to these skein
elements successively. Similarly define F12 = degF(κ12=k′1+k′2,κ3),(τ2t ,τ2b )
= deg(P(τ2t )P(τ
2
b )R(c2))
and F 12 = degF(k′12=k′′1+k′′2 ,k′3),(σ2t ,σ2b)
= deg(P(σ2t )P(σ
2
b)),
F12···(i) = degF(κ1···(i)=k(i−1)1 +···+k(i−1)i ,κi+1),(τ it ,τ ib)
,
F 12···(i) = degF(k′
1···(i)=k
(i)
1 +···+k(i)i ,k′i+1),(σit,σib)
.
Writing it all out with l′1···(i) = κ1···(i) − k′1···(i), l′i = κi − k′i and applying Lemma 4.1, we get
degGκ,τ − degGk(κ,σ),σ(κ,τ) =
(
m∑
i=0
d(ki + li, wi)− d(ki, wi)
)
+
(
m−1∑
i=1
F12···(i) − F 12···(i)
)
,where
m−1∑
i=1
F12···(i) − F 12···(i) ≤ l′1(2k′1 + l′1) + l′2(2k′2 + l′2)
+ l′12(2k
′
12 + l
′
12) + l
′
3(2k
′
3 + l
′
3)
+ · · ·
+ l′123···(m−1)(2k
′
123···(m−1) + l
′
123···(m−1)) + l
′
m(2k
′
m + l
′
m).
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Since
∑m−1
i=1 l
′
12···(i) =
∑m
i=1 li and k
′
1···(i), k
′
i ≤ ki, we can regroup the sum above and get
degGκ,τ − degGk(κ,σ),σ(κ,τ) ≤
(
m∑
i=1
li − li(1 + 2ki + li)wi
)
+
(
m∑
i=1
li(2ki + li)
)
≤ −2 min
0≤i≤m
{|wi| − 1} min
0≤i≤m
{ki}.
Therefore, every state corresponding to parameters (κ, τ) that are not tight can grouped into the
lower order term l(k) of some state with tight parameters (k, σ) in Gk. 
This gives the following corollary, Theorem 1.2, which we restate here for the convenience.
Theorem 1.2. ([GLvdVcs, Theorem 3.2]) Let k = (k0, k1, . . . , km) ∈ Zm+1≥0 with ki ≤ n and
assume |wi| > 1. The n+ 1 colored Jones polynomial of a pretzel link P = P (w0, w1, . . . , wm) with
diagram L has the form
JP,n+1 = ((−1)nq 12 )w(L)(n2+2n)
∑
k0=
∑m
i=1 ki
Gk,
where deg Gk = (−1)w0(n−k0)+n+k0+
∑m
i=1(n−ki)(wi−1)qδ(n,k) + l.o.t.4, and δ(n, k) =
−
(
(w0 + 1)k
2
0 +
m∑
i=1
(wi − 1)k2i +
m∑
i=1
(−2 + w0 + wi)ki − n(n+ 2)
2
m∑
i=0
wi + (m− 1)n
)
.
Proof. From Theorem 4.1, we simply compute the degree of the leading term of Gk corresponding
to the choice of skein elements k, σ with tight parameters k0 =
∑m
i=1 ki. Note deg〈Tk0〉 is n, half
the number of circles in Tk0 , since it is an adequate skein element by [Arm13]. Thus the degree is
m∑
i=0
wi(n− ki + n
2
2
− k2i ) +
m∑
i=0
(ki − n)︸ ︷︷ ︸
fusion and untwisting
+
m−1∑
i=1
deg
(
[n−∑ij=1 kj ]![n− ki+1]!
[n−∑i+1j=1 kj ]![n]!
)2
+ n︸︷︷︸
number of circles in Tk0
=
2n+ n2
2
m∑
i=0
wi −
m∑
i=0
wiki −
m∑
i=0
wik
2
i +
m∑
i=0
ki − nm−
(
m∑
i=1
ki
)2
+
m∑
i=1
k2i + n.
This proves the degree formula in the theorem after regrouping. The sign of the leading coefficient
is obtained by multiplying the sign of each of the functions in the product. 
4.1. 3-tangle pretzel knots P (w0, w1, w2). We restate Theorem 1.3 here.
Theorem 1.3. Let w = (w0, w1, w2) ∈ Z3 be such that w0 < −1 < 0 < 1 < w1, w2. Define
s(w) = 1 + w0 +
1∑2
i=1(wi − 1)−1
and s1(w) =
∑2
i=1(wi + w0 − 2)(wi − 1)−1∑2
i=1(wi − 1)−1
.
Suppose w1 is even and −w0 > min{w1 − 1, w2 − 1}. Let P denote the pretzel knot P (w0, w1, w2),
and let jP (n) be the largest power of q in JP,n. If s(w) < 0, we may write
jP (n) = jsPn
2 + jxP (n)n+ cP (n),
where jxP , cP are periodic functions in n. In particular we have:
4denotes lower order terms.
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(a) For n = −2+w1+w2gcd(w1−1,w2−1)j, j ≥ 1:
(2) jsP = −s(w) + w0 + w2, jxP (n) = −s1(w) + 2s(w)− (m− 1)− 2
min {w1 − 1, w2 − 1}
−2 + w1 + w2 .
(b) For n 6= −2+w1+w2gcd(w1−1,w2−1)j:
(3) jsP = −s(w) + w0 + w2, jxP (n) = −s1(w) + 2s(w)− (m− 1).
Proof. Let L be the standard diagram of the pretzel knot P (w0, w1, w2). We apply Theorem 4.1
to write 〈Ln〉 as a sum ∑k Gk. We compute deg〈Ln〉 by first characterizing the terms Gk that
maximize the degree δ(n, k) (see Theorem 1.2), and then determining the degree of the leading
term that remains after possible cancellations of power series with the same degree but opposite-
sign coefficients. Adding the writhe term finishes the proof. For x = (x0, x1, . . . , xm) ∈ Rm+1, we
compute the real maximum of the function δ(n, x), where n = x0 =
∑m
i=1 xi. Denote the critical
points of the real maximum by x∗ = (x∗0, x∗1, . . . , x∗m) Since the leading term of deg Gk has coefficient
(−1)w0(n−k0)+n+k0+
∑m
i=1(n−ki)(wi−1) and w0, w2 are odd while w1 is even, we have that (−1)n−k1
determines the sign of the leading term of deg Gk with degree δ(n, k). Therefore, if two parameters
k1 and k
′
1 differ by 1, then (−1)n−k1 = −(−1)n−k
′
1 , and cancellation of lattice maxima of δ(n, k)
occurs when x∗1 in x∗ = (n, x∗1, x∗2) is a half integer. Let k = (k0 = n, k1 = x∗1+1/2, k2 = n−k1) with
respective choice of the skein element σ and k′ = (k0 = n, k′1 = x∗1− 1/2 = k1− 1, k′2 = n−k′1) with
respective choice of skein element σ′, then deg Gk = deg Gk′ and their leading terms have opposite
signs. This results in cancellation.
In our case with the 3-pretzel, we get
x∗1 =
−2n− w1 + w2 + 2nw2
2(−2 + w1 + w2) .
For x∗1 +
1
2 to be an integer, we must have
n = −1 + −2 + w1 + w2
gcd(w1 − 1, w2 − 1)j
for a positive integer j ≥ 0. With the quadratic integer programming method applied to the degree
δ(n, k) = deg Gk, when n 6= −1 + −2+w1+w2g j, there is no cancellation, we get the degree of JP,n as
in the theorem. See [GLvdVcs].
Let g = gcd(w1 − 1, w2 − 1) and fix n = −1 + −2+w1+w2g j for j ≥ 1. Let v = (w2 − 1) jg , and
u be a non-negative integer. Consider the pair of states (ku, σu) and (k
′
u, σ
′
u) with parameters
ku = (n, v + u, n − v − u) and k′u = (n, v − u − 1, n − v + u + 1), and the respective choices of
skein elements σu, σ
′
u in the expansions of the Jones-Wenzl projectors as specified in Theorem 4.1.
These are the leading terms of Gku and Gk′u , respectively. We have
Gku,σu(q)〈Tnku,σu〉−1([n]!)2
θ(n, n, 2n)
[2n+ 1]
(12)
= qw0(n−
2n
2
+n
2
2
− (2n)2
4
) [2(u+ v] + 1]
θ(n, n, 2(u+ v))
qw1(n−
(2(v+u))
2
+n
2
2
− (2(v+u))2
4
) [2n− 2(v + u) + 1]
θ(n, n, 2n− 2(v + u))
· qw2(n− 2n−2(v+u)2 +n
2
2
− (2n−2(v+u))2
4
)
(
[n− (v + u))]![n− (n− (v + u))]!
[0]!
)2
(−1)n−v−u,
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where explicitly
θ(n, n, 2(v + u)) =
[1 + n+ v + u]![n− v − u]![v + u]![v + u]!
[2(v + u)]![n]![n]!
, and
θ(n, n, 2n− 2(v + u)) = [1 + 2n− (v + u)]![v + u]![n− (v + u)]![n− (v + u)]!
[2n− 2(v + u)]![n]![n]! .
Similarly, we get
Gk′u,σ′u(q)〈Tnk′u,σ′u〉−1([n]!)2
θ(n, n, 2n)
[2n+ 1]
(13)
= qw0(n−
2n
2
+n
2
2
− (2n)2
4
) [2(v − u)− 1]
θ(n, n, 2(v − u)− 2)q
w1(n− (2(v−u)−2)2 +n
2
2
− (2(v−u)−2)2
4
)
· [2n− 2(v − u) + 2]
θ(n, n, 2n− 2(v − u) + 2)q
w2(n− (2n−2(v−u)+2)2 +n
2
2
− (2n−2(v−u)+2)2
4
)
·
(
[n− ((v − u)− 1)]![n− (n− (v − u) + 1)]!
[0]!
)2
(−1)n−v+u+1
where
θ(n, n, 2(v − u)− 2) = [n+ (v − u)]![1 + n− (v − u)]![−1 + (v − u)]![−1 + (v − u)]!
[−2 + 2(v − u)]![n]![n]!
θ(n, n, 2n− 2(v − u) + 2) =
[2 + 2n− (v − u)]![−1 + (v − u)]![1 + n− (v − u)]![1 + n− (v − u)]!
[2 + 2n− 2(v − u)]![n]![n]! .
A direct computation shows degGku,σu = degGk′u,σ′u . Factoring out terms that are common to
both, we get
Gku,σu −Gk′u,σ′u
common factors
= q
j
g
|w1−w2| [2v + 1][2v][2v − 1][2(
j
g (w1 + w2 − 2)− v)− 1]
[(−3 + w1 + w2) jg + gj v + 1][v]
−
q
− j
g
|w1−w2| [2v − 1][2(
j
g (w1 + w2 − 2)− v) + 1][2( jg (w1 + w2 − 2)− v)][2( jg (w1 + w2 − 2)− v)− 1]
[ jg (w1 + w2 − 2)− v][(−3 + w1 + w2) jg + w1 + w2 − gj v − 1]
.
It is straightforward to see that the degree drop is 2 min{w1 − 1, w2 − 1} jg from degGku,σu . Let
L(u) = deg
(
Gku,σu −Gk′u,σ′u
)
. Now we show that all the other terms have degrees that are more
than 2 min{w1−1, w2−1} jg away from L(0). Therefore, L(0) = degGk0,σ0−2 min{w1−1, w2−1} jg is
the degree of 〈Ln〉. Note first that for a term Gk of the state sum as in Theorem 4.1, if k0 <
∑2
i=1 ki,
then it has degree strictly smaller by at least 2 min{w1−1, w2−1}min{k′1, k′2} compared to deg Gk′ ,
where k′0 =
∑2
i=1 k
′
i by (10) from Theorem 4.1. Thus it suffices to compare the degrees of states with
tight parameters k0 =
∑2
i=1 ki. Quadratic integer programming shows that the lattice maxima lie
on the diagonal n = k0 =
∑2
i=1 ki close to the real maximum, and the leading terms corresponding
to (ku, σu) and (k
′
u, σ
′
u) form a canceling pair as we have seen. In fact, the lattice maxima are
the pair of terms corresponding to (k0, σ0) and (k
′
0, σ
′
0), and the next highest degree terms are the
terms corresponding to the pair (ku, σu) and (k
′
u, σ
′
u) for u > 0. If j ≤ u, then the degree of such
terms are bounded away from the proposed degree by more than 2 min{w1− 1, w2− 1} jg by simply
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plugging u into the formula for the degree and comparing the resulting quadratics when u = 0 and
u 6= 0. We have
degL(0)− 2(w2 − 1) j
g
> degL(u) when (−2 + w1 + w2)u(2 + u) > 8 j
g
(−1 + w2).
The inequality is easily satisfied provided j  0 and j ≤ u. Finally, all other terms Gk of the state
sum have degrees strictly less than L(0)−2 min{w1−1, w2−1} jg by directly computing the degrees
of their leading terms.

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